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SYMPLECTIC STRUCTURES ON 2-STEP NILPOTENT LIE ALGEBRAS
ELISABETH REMM, MICHEL GOZE
Abstract. We study symplectic structures on nilpotent Lie algebras. Since the classifica-
tion of nilpotent Lie algebras in any dimension seems to be a crazy dream, we approach this
study in case of 2-step nilpotent Lie algebras (in this sub-case also, the classification fo the
dimension greater than 8 seems very difficult), using not a classification but a description
of subfamilies associated with the characteristic sequence. We begin with the dimension 8,
first step where the classification becomes difficult.
Introduction
LetM be a 2p-dimensional differentiable manifold. A symplectic form onM is a differential
2-form θ satisfying θp = θ ∧ · · · ∧ θ 6= 0 and dθ = 0, where d is the derivation operator of
the De Rham cohomology of M. The existence problem of a symplectic form on an even
dimensional differentiable manifold is very classical. Although any point x ∈ M has a
neighborhood V (x) admitting locally a symplectic form, it is often very difficult to extend
it to the whole variety. We get around this problem when M is a Lie group G and the
symplectic form is left invariant. In this case the existence problem reduces to the existence
on the Lie algebra g of the Lie group G of an exterior 2-form (antisymmetric bilinear form)
of maximal rank 2p and closed for the cohomology of g with values in R. It will be similar
when M is a nilvariety M = Γ/G with G is a nilpotent Lie group and Γ a cocompact discret
subgroup. In fact any symplectic form on M is cohomologous to an invariant form on G. So
the existence of a symplectic form on M reduces to the existence of an exterior 2-form on g.
So we will focus on this last problem.
To simplify, we will call symplectic Lie algebra an even dimensional Lie algebra over the
field K = R or C which admits a symplectic (bilinear) form. The problem of determining
whether an arbitrary Lie algebra admits symplectic structures is difficult in general. It is
solved for nilpotent Lie algebras up to the dimension 6 ([4]) because the classification of
nilpotent Lie algebras is known up to the dimension 7. Several sub-families of nilpotent
symplectic Lie algebras have been described. For example, symplectic filiform algebras, that
is nilpotent Lie algebras with a maximal nilindex n = dim g − 1, are studied in [5, 13, ?],
symplectic Lie algebras which are of Heisenberg type in [7], symplectic nilpotent Lie algebras
associated with graphs [17], or free nilpotent Lie algebras [2].
In this paper, we are interested by symplectic nilpotent Lie algebra which are 2-step
nilpotent that is with a nilindex equal to 2. Recall that the differential geometry of the
2-step nilpotent Lie groups is the subject of many papers. Of course, we know sub-families
of symplectic 2-step nilpotent Lie algebras, as the nilradicals of parabolic subalgebras of
split simple Lie algebras [6]. We process here using the description of 2-step nilpotent Lie
algebras based on the characteristic sequence (see [10]). As the dimension 8 is the first that
Date: 28 Tichri 5776.
1
2 ELISABETH REMM, MICHEL GOZE
we meet without classification results, we are obliged to expose a method which is not based
on the classification. Thus, in this paper, we are principally interested by this dimension.
1. Symplectic structures on Lie algebras
1.1. Generalities. Let g be a n-dimensional K-Lie algebra. We denote by g∗ the dual vector
space of g and by Λpg∗ the space of skew-symmetric p-linear forms on g. For any α ∈ g∗, we
consider the skew-symmetric 2-form θ = dα which is defined as follows:
dα(X, Y ) = −α[X, Y ]
for any X, Y ∈ g. For any θ ∈ Λ2g∗, we define the skew-symmetric 3-form dθ given by
dθ(X, Y, Z) = θ([X, Y ], Z) + θ([Y, Z], X) + θ([Z,X ], Y )
for any X, Y, Z ∈ g. In particular we have
d(dα) = 0
for any α ∈ g∗. The 2-form θ is called closed if dθ = 0 and it is called exact if θ = dα for
some α ∈ g∗. In fact, these operators d coincide with the differential operators associated
with the Chevalley-Eilenberg complex of g:
(1) 0 −→ K −→ g∗
d1−→ Λ2g∗
d2−→ . . . . . .
dn−1
−→ Λng∗ −→ 0 ,
with
(2) dpΩ (X1, . . . , Xp+1) =
∑
1≤i<j≤p+1
(−1)i+j−1Ω([Xi, Xj], X1, . . . , Xˆi, . . . , Xˆj, . . . , Xp+1).
for any Ω ∈ Λpg∗ and X1, . . . , Xp+1 ∈ g. The cohomology of this complex (Λ
∗g∗, d) is denoted
by H∗(g).
Definition 1. Let g be a n = 2p-dimensional K-Lie algebra. A symplectic form on g is a
closed 2-form θ which is also nondegenerate that is
dθ = 0, θp 6= 0.
A Lie algebra provided with a symplectic form θ will be called a symplectic Lie algebra and
denoted by the pair (g, θ).
A particular case corresponds to the Frobeniusian Lie algebras. Assume that g is a sym-
plectic Lie algebra with a symplectic form θ which is exact, that is there is α ∈ g∗ such that
θ = dα. In this case the symplectic Lie algebra, (g, θ) = (g, dα) is called Frobeniusian. Let
us note that the linear form α is, in this case, of maximal Cartan class equal to 2p = dim g.
We deduce immediately the well known property that we have an open orbit in the coadjoint
representation.
Considering a symplectic Lie algebra, we can be interested by additional geometrical struc-
tures adapted to the symplectic form such as a pseudo-riemannian structure or a complex
structure (or both simultaneously) and also by geometrical properties associated with the
symplectic one such as an affine structure.
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Definition 2. Let g be a n-dimensional K-Lie algebra. An affine structure on g is a K-
bilinear product g× g→ g denoted XY satisfying
(3)
{
XY − Y X = [X, Y ],
X(Y Z)− (XY )Z = Y (XZ)− (Y X)Z,
for any X, Y, Z ∈ g.
A Lie algebra over K admitting an affine structure is also called affine. Let us note that
the nonassociative product XY is Lie-admissible and often called left-symmetric. In general
it is very difficult for a given Lie algebra to decide whether it is affine or not. But we know
partial results. For example, it is known that a K-Lie algebra g satisfying g = [g, g] is not
affine. Likewise, any complex nilpotent Lie algebras of dimension n ≤ 7 is affine. But there
exist examples of nilpotent Lie algebras of dimension 10 which are not affine.
Proposition 3. Any symplectic Lie algebra is affine.
Proof. Let (g, θ) be a symplectic Lie algebra. We consider the product XY given by
XY = f(X)Y
where f : g→ End(g) is defined implicitly by
θ(f(X)(Y ), Z) = −θ(Y, [X,Z])
for any X, Y, Z ∈ g. Since θ is symplectic, this product XY is well defined and provides g
with an affine structure.
Let {Xi} be a basis of g for which the symplectic form θ is reduced to the canonical form.
Let A be its matrix A = Ip ⊗ S with S =
(
0 1
−1 0
)
. We denote by TX the matrix of adX
with respect to the basis {Xi} and by MX the matrix of f(X). We have
t(MXY )AZ = −
tY ATXZ,
this gives tMXA = −ATX . But A
−1 = −A =tA. So tMX = ATXA and
MX = A
tTXA.
When θ is a frobeniusian form, that is θ = dα, the associated affine structure is written
α[XY,Z] = −α[Y, [X,Z]].
As we have said above, we can consider additional geometrical structures on a symplectic
Lie algebra. One of the most interesting is the quadratic structure.
Definition 4. Let g be an n-dimensional K-Lie algebra. We say that g is a quadratic Lie
algebra if there exists a non-degenerate symmetric bilinear form B on g such that
B([x, y], z) = B(x, [y, z])
for all x, y, z ∈ g. In this case, we will say that B is an invariant scalar product on g and
we will denote by (g, B) this quadratic Lie algebra.
If g is also a symplectic Lie algebra (and n = 2p), we have to consider the triple (g, θ, B)
and we will speak about symplectic quadratic Lie algebra.
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Proposition 5. If (g, θ, B) is a symplectic quadratic Lie algebra then there exists a B-skew-
symmetric invertible derivation D of g such that
θ(X, Y ) = B(D(X), Y )
for all X, Y ∈ g.
Conversely, if (g, B) is a quadratic Lie algebra and D an inversible derivation, then θ
defined by the previous formula is symplectic as soon as n = 2p. The characterization of
nilpotent quadratic symplectic Lie algebras is due to Benson and Gordon ([1]).
To end these remarks, we can consider also complex structures on symplectic Lie algebras.
Definition 6. A complex structure on an n = 2p-dimensional R-Lie algebra g is a linear
endomorphism J of g such that:
(1) J2 = −Id;
(2) [JX, JY ]− [X, Y ]− J [JX, Y ]− J [X, JY ] = 0, ∀X, Y ∈ g.
Assume now that (g, θ) is a symplectic Lie algebra. A Ka¨hler structure on (g, θ) is given
by a complex structure J , which is compatible with θ, that is
θ(JX, JY ) = θ(X, Y ) for all X, Y ∈ g.
Any such Ka¨hler structure defines a pseudo-Riemannian metric B on the Lie algebra in the
following form:
B(X, Y ) = θ(X, JY ).
1.2. Deformations and contractions of symplectic Lie algebras. Let (g, θ) be a sym-
plectic Lie algebra. Recall that the symplectic form satisfies
(1) an open condition : θp 6= 0 where 2p = dim g,
(2) a closed condition : dθ = 0.
The notion of formal deformation (see [?, 12] ) is not adapted to these algebraic conditions.
In fact, the 2p-dimensional abelian Lie algebra A2p is symplectic (any form is closed). But
any 2p-dimensional Lie algebra is isomorphic to a deformation of A2p and we know many
examples of 2p-dimensional Lie algebras which are not symplectic.
The notion of contraction is better adapted. Recall the definition. Let V be a finite
dimensional K-vector space and f :]0, 1] → GL(V ) be a continuous function. Let [ , ] be a
Lie bracket on V . We defined the one parametrized family of Lie brackets on V by
[x, y]ε = f(ε)([f(ε)
−1(x), f(ε)−1(y)]).
The Lie bracket [ , ]ε is isomorphic to [ , ].
Definition 7. If the limit
[x, y]0 = lim
ε→0
[x, y]ε
exists, then [, ]0 is a Lie bracket on V and the Lie algebra (V, [, ]0) is called a contraction of
the Lie algebra (V, [, ]).
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If we denote by Ln the algebraic variety whose elements are the Lie brackets on K
n (with
the identification of a Lie bracket µ with its structure constants {Ckij} related with a fixed
basis {e1, · · · , en} of K
n by µ(ei, ej) =
∑
Ckijek satisfying Jacobi polynomial conditions),
then Ln is fibered by the orbits associated with the action of GL(K
n) on Ln, the orbit of a
Lie bracket µ is constituted of all Lie bracket isomorphic to µ. We denote by O(µ) the orbit
of µ in Ln. We provide this algebraic variety Ln with the Zariski topology and we denote
by O(µ) the closure of the orbit O(µ). Let us note that when K = C, then O(µ) is also a
differentiable manifold and the Zariski closure O(µ) in Ln coincides with the closure of O(µ)
in the vector space corresponding to the set of constant structures {Ckij} with the classical
metric topology.
Definition 8. Let g = (Kn, µ) a n-dimensional K-Lie algebra. A n-dimensional K-Lie
algebra g0 = (K
n, µ0) is a degenrescence of g if µ0 ∈ O(µ).
It is easy to see that any Lie algebra contraction of (Kn, g) is a Lie algebra degeneration
of this Lie algebra.
Assume now that g = (K2p, θ) is a symplectic Lie algebra. Let g0 = (K
2p, µ0) be a
degenerescence of g. In general g0 is not symplectic. For example let g be the 6-dimensional
nilpotent Lie algebra given by{
[X1, X2] = X3, [X1, X3] = X4, [X1, X4] = X5, [X1, X5] = X6,
[X2, X3] = X5, [X2, X4] = X6,
Denote by {αi}i the dual basis. The form θ = α1 ∧ α6 + 2α2 ∧ α5 − α3 ∧ α4 is symplectic.
Let {Yi}i be the new basis {
Yi = εXi for 1 ≤ i ≤ 5,
Y6 = ε
2X6.
We have {
[Y1, Yi] = ε
−1Yi+1, i = 2, 3, 4 [Y2, Y3] = ε
−1Y5,
[Y1, Y5] = Y6, [Y2, Y4] = Y6.
If ε→ 0 we obtain the contraction g0 of g defined by{
[Y1, Y5] = Y6, [Y2, Y4] = Y6
which is isomorphic to h5⊕K where h5 is the 5-dimensional Heisenberg algebra. We will see
later that this Lie algebra is not symplectic.
However, we have
Proposition 9. Let (g, θ) be a symplectic Lie algebra and g0 be a contraction of g associated
with the isomorphism fε. If there exists k such that f
∗
ε θ = ε
kθ, then (g0, θ) is also symplectic.
1.3. Symplectic nilpotent Lie algebras. Since we are interested in this paper to the
study of symplectic structures on some nilpotent Lie algebras, we will recall briefly some
basis facts concerning these Lie algebras. The lower central series of a Lie algebra g is
defined by
C0(g) = g, Cj(g) = [g,Cj−1(g)], j ≥ 1.
Then g is nilpotent if and only if there exists k with
Ck(g) = 0.
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The smallest index k such that Ck(g) = 0 and Ck−1(g) 6= 0 is the nilindex of g. In this
case we will say that g is k-step nilpotent. An interesting class of nilpotent Lie algebras is
the class of 2-step nilpotent Lie algebras, sometimes called metabelian Lie algebras (see, for
example, [?]). For a nilpotent Lie algebra g, we define its characteristic sequence which is
an invariant up to isomorphism and that we recall in the following: Let X 6= 0 be in g. The
linear operator ad(X) is nilpotent and we denote by c(X) the decreasing sequence of the
dimensions of Jordan blocks of ad(X). The characteristic sequence of g is
c(g) = max{c(X), X ∈ g− C1(g)},
considering the lexicographic order. If g is k-step nilpotent, then c(g) = (k, · · · , k, k −
1, · · · , 1) where k appears nk times, k − 1 appears nk−1 times, · · · , and 1 appears n1 times
with nk 6= 0 and n =
∑k
i=1 ini. Since ad(X)(X) = 0, we have also n1 ≥ 1. For example, if g
is 2-step nilpotent, then c(g) = (2, · · · , 2, 1, · · · , 1).
The upper central series of g is defined by
C0(g) = 0, Cj(g) = {X ∈ g : [X, g] ⊂ Cj−1(g)}, j ≥ 1.
Theorem 10. [3]
Let g = C0(g) ⊃ C1(g) ⊃ . . . and 0 = C0(g) ⊂ C1(g) ⊂ . . . be, respectively, the upper and
lower central series of a Lie algebra g. If g is a symplectic Lie algebra then
dimCj(g) + dimC
j(g) ≤ dim g
for all j ≥ 0.
We remark that this result doesn’t give obstruction for 2-step nilpotent Lie algebras with
maximal characteristic sequence that is equal to (2, · · · , 2, 1, 1). In fact, from [10] we have
in this case dimCj(g) + dimC
j(g) = dim g.
Theorem 11. A nilpotent Lie algebra is never frobeniusian.
Proof. This is a direct consequence of the following lemma proved in [10, 8].
Lemma 12. Let g be a nilpotent Lie algebra over K. Then the Cartan class of any non null
linear form α ∈ g∗ is odd.
Recall that the Cartan class of a linear form can be computed with
(1) cl(α) = 2p if and only if (dα)p 6= 0, α ∧ (dα)p = 0.
(2) cl(α) = 2p+ 1 if and only if α ∧ (dα)p 6= 0, (dα)p+1 = 0.
If θ = dα is symplectic, its Cartan class is even, equal to the dimension of g. This is
impossible.
There exists a process to construct all the nilpotent symplectic Lie algebras. It is often
called the construction by double extension and it was described by Alberto Medina and
Philippe Revoy ([15]). Let (g, θ) be a symplectic Lie algebra. We have seen that the product
XY defined by
θ(XY,Z) = −θ(Y, [X,Z])
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is left-symmetric, that is, satisfies (3). Let D be a derivation of this left-symmetric algebra.
Then the bilinear map f on g given by
f(X, Y ) = θ(D(X), Y ) + θ(X,D(Y ))
is a closed 2-form on g. Then we can define a one-dimensional central extension g1 = g⊕K{e}
of g by
[X + λe, Y + βe]g1 = [X, Y ] + f(X, Y )e.
If D∗ denotes the adjoint of D with respect to the nondegenerate bilinear form θ, that is
θ(D(X), Y ) = θ(X,D∗(Y )),
then the bilinear form g defined by
g(X, Y ) = θ(((D +D∗) ◦D +D∗ ◦ (D +D∗))X, Y )
is also a closed bilinear form. Assume that a closed form is an exact form, that is there exists
α ∈ g∗ with g(X, Y ) = dα(X, Y ) = −α[X, Y ]. There exists Xg ∈ g such that
g(X, Y ) = −α[X, Y ] = θ(Xg, [X, Y ])
for all X, Y ∈ g. We can now define a new derivation D1 of the Lie algebra g1 by{
D1(X) = −D(X)− θ(Xg, X)e, ∀X ∈ g,
D1(e) = 0,
and we consider the one-dimensional extension by derivation g2 = g1 ⊕ K{d} of g1. Its
bracket is given by {
[X, Y ]g2 = [X, Y ]g1 , ∀X, Y ∈ g1
[d,X ]g2 = −D1(X)− θ(Xg, X)e
We remark that dimΓ2 = dim g + 2. The bilinear map on g2 given by{
θ1 |g×g= θ
θ1(e, d) = 1
the other non defined products being equal to 0, is a symplectic form on g2. This last
symplectic Lie algebra is called a double extension of the symplectic Lie algebra g. Medina
and Revoy have shown that any nilpotent symplectic Lie algebra is a double extension of a
symplectic nilpotent Lie algebra.
2. 2-step nilpotent Lie algebras of dimension 8
If g is a non abelian 8-dimensional 2-step nilpotent Lie algebra, its characteristic sequence
is one of the following (2, 2, 2, 1, 1), (2, 2, 1, 1, 1, 1), (2, 1, 1, 1, 1, 1, 1). If F8,2 is the set of such
Lie algebras, we have defined in [10] a notion of restricted deformations that is deformations
of Lie algebras of F8,2 remaining in this set. For this type of deformations, we have described
the cohomology of deformations, denoted by H∗CH(g, g) for g ∈ F
8,2.
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2.1. Lie algebras of F8,23,2 . Let F
8,2
3,2 be the subset of F
8,2 corresponding to Lie algebras of
characteristic sequence (2, 2, 2, 1, 1). Recall the description of this set ( [10]). Let us denote
by g3,2 the 8-dimensional Lie algebra given by the brackets
[X1, X2i] = X2i+1, 1 ≤ i ≤ 3,
and the other brackets are equal to zero or deduced by skew-symmetry. Any 2-step nilpotent
8-dimensional Lie algebra with characteristic sequence (2, 2, 2, 1, 1) is isomorphic to a linear
deformation of g3,2. Its Lie bracket is isomorphic to µ = µ0+ tϕ, where µ0 is the Lie bracket
of g3,2, and ϕ is a skew-bilinear map such that
(4)
{
ϕ ∈ Z2CH(g3,2, g3,2),
ϕ ◦1 ϕ = 0
where (ϕ ◦1 ϕ)(X, Y, Z) = ϕ(ϕ(X, Y ), Z). We deduce that the family F
8,2
3,2 of 2-step nilpo-
tent 8-dimensional Lie algebras with characteristic sequence (2, 2, 2, 1, 1) is the union of two
algebraic components, the first one, C1(F
8,2
3,2 ), corresponding to the cocycles
(5) ϕ(X2i, X2j) =
3∑
k=1
a2k+12i,2j X2k+1, 1 ≤ i < j ≤ 4,
the second one, C2(F
8,2
3,2 ), to the cocyles
(6) ϕ(X2i, X2j) =
3∑
k=1
a2k+12i,2j X2k+1 + a
8
2i,2jX8, 1 ≤ i < j ≤ 3,
where the undefined products ϕ(X, Y ) are nul or obtained by skew-symmetry. Each of these
components is a regular algebraic variety. These components can be characterized by the
property of the number of generators. We have also mentioned that the Lie algebra h8,1 of
C1(F
8,2
3,2 ) given by
[X1, X2i] = X2i+1, i = 1, 2, 3, [X2, X4] = X7, [X4, X8] = X3, [X6, X8] = X5.
is rigid in the algebraic variety 2Nilp8 of 8-dimensional 2-step nilpotent Lie algebras. Like-
wise, the Lie algebra h8,2 of C2(F
8,2
3,2 ) defined by
[X1, X2i] = X2i+1, i = 1, 2, 3, [X2, X6] = X5, [X2, X4] = X8.
is rigid in 2Nilp8.
2.2. Lie algebras of F8,22,4 . Let F
8,2
2,4 be the subset of F
8,2 corresponding to Lie algebras
of characteristic sequence (2, 2, 1, 1, 1, 1). This case is not treated in [10]. However, by
proceeding in a similar way, we have immediately that if g2,4 the 8-dimensional Lie algebra
given by the brackets
[X1, X2i] = X2i+1, i = 1, 2,
then 2-step nilpotent 8-dimensional Lie algebra with characteristic sequence (2, 2, 1, 1, 1, 1)
is isomorphic to a linear deformation of g2,4. Its Lie bracket is isomorphic to µ = µ0 + tϕ,
where µ0 is the Lie bracket of g2,4, and ϕ is a skew-bilinear map such that{
ϕ ∈ Z2CH(g2,4, g2,4),
ϕ ◦1 ϕ = 0.
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We deduce that the family F8,22,4 of 2-step nilpotent 8-dimensional Lie algebras with char-
acteristic sequence (2, 2, 1, 1, 1, 1) is the union of two algebraic components, the first one,
C1(F
8,2
2,4 ), corresponding to the cocycles
(7) ϕ(Xi, Xj) =
2∑
k=1
a2k+1i,j X2k+1, 2 ≤ i < j ≤ 8, i, j 6= 3, 5
the second one, C2(F
8,2
2,4 ), to the cocyles
(8)
{
ϕ(Xi, Xj) =
∑2
k=1 a
2k+1
i,j X2k+1, (i, j) ∈ {(2, 6), (2, 7), (4, 6), (4, 7), (6, 7)},
ϕ(X2, X4) = X8
where the undefined products ϕ(X, Y ) are nul or obtained by skew-symmetry. Each of these
components is a regular algebraic variety. These components can be characterized by the
property of the number of generators.
2.3. Lie algebras of F8,21,6 . Let F
8,2
1,6 be the subset of F
8,2 corresponding to Lie algebras of
characteristic sequence (2, 1, 1, 1, 1, 1, 1). We know, from [11] that any Lie algebras belonging
to F8,21,6 is isomorphic to one of the following
• h3 ⊕A5
• h5 ⊕A3
• h7 ⊕A
where h2p+1 is the (2p + 1)-dimensional Heisenberg algebra and Ar the abelian ideal of
dimension r.
3. Symplectic structures on 2-step nilpotent Lie algebras
3.1. Recall some results. We know many examples of 2-step nilpotent symplectic Lie
algebras. The most recent [2] based on the determination of all nilradicals of parabolic
subalgebras of split real simple Lie algebras admitting symplectic structures are described
into the following list.
(1) The abelian Lie algebras of dimesion even.
(2) K ⊕ n2,2 and n3,2 where nk,2 is the free 2-step nilpotent Lie algebra generated by k
elements.
(3) {Xi, Yi, Zij : 1 ≤ i, j ≤ 2}, [Xi, Yj] = Zij, 1≤ i, j≤2.
(4) {Xi, Yi, Zij : 1≤ i≤j≤n}, [Xi, Yj] = [Xj, Yi] = Zij, 1≤ i≤j≤n; n = 2, 3.
(5) {Xi, Yi, Zij : 1≤ i<j≤3}, [Xi, Yj] = −[Xj , Yi] = Zij , 1≤ i<j≤3.
(6) RX ⋉adX (R
n−1 ⊕ Rn−1) with adX =
(
0 0
I 0
)
.
Another interesting approach to determine symplectic structures on 2-step nilpotent Lie
algebra is presented in [17]: given a finite graph G, we consider the K-vector space V gener-
ated by the vertices and the K-vector space generated by the edges. Let gG be the Lie algebra
whose underlying vector space is V0⊕V1 and the Lie bracket defined by [V0, V1] = [V1, V1] = 0
and [X, Y ] is the vector of V1 if there exists an edge between the vertices X and Y . This
bracket satisfies the Jacobi identity and gG is a 2-step nilpotent Lie algebra.
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Proposition 13. [17] Assume that gG is of dimension even. Then this Lie algebra is sym-
plectic if and only if in each connected component of gG, the number of edges doesn’t exceed
the number of vertices.
For example, we consider nk,2 the free 2-step nilpotent Lie algebra with k generators. We
have a natural basis {X1, · · · , Xk, Yij = [Xi, Xj], 1 ≤ i < j ≤ k}. There is a graph G such
that nk,2 = gG . It is the polygon whose vertices are the generators {Xi} and the edges all
the diagonals. Then the numbers of vertices is k and the number of edges k(k−1)
2
. From the
previous proposition, nk,2 admits a symplectic form if and only if k ≤ 3. Since n3,2 is of even
dimension, it is the unique 2-step nilpotent free Lie algebra which admits a symplectic form.
To end this short list of known results, since the classification of 6-dimensional symplectic
nilpotent Lie algebra is established (see [4, 9]), we deduce that
Proposition 14. Any 2-step nilpotent Lie algebra of dimension 4 is symplectic. Any 2-step
nilpotent Lie algebra of dimension 6 which is not isomorphic to the direct product h5 ⊕A is
symplectic where h5 is the 5-dimensional Heisenberg algebra.
In dimension 4, up to an isomorphism we have only one Lie algebra which is the direct
product of the 3-dimensional Heisenberg algebra h3 by K, that is with bracket
[X1, X2] = X3
the other non defined being zero. In dimension 6, the indecomposable are isomorphic to one
of the following
(1) [X1, X2] = X3, [X1, X4] = X5, [X2, X6] = X5 and θ = α1α5 + α2α4 + α3α6 is
symplectic.
(2) [X1, X2] = X3, [X1, X4] = X5, [X2, X6] = X5, [X4, X6] = X3 and θ = α1α5 + α2α4 +
α3α6 is symplectic.
(3) If K = R, [X1, X2] = X3, [X1, X4] = X5, [X2, X6] = −X5, [X4, X6] = X3 and
θ = α4α5 + α1α6 + α3α2 is symplectic.
The decomposable 2-step nilpotent A6, h3⊕ h3, h3⊕A3 are also symplectic where An is the
n-dimensional abelian Lie algebra. But h5 ⊕A is not symplectic. In fact, h5 admits a linear
contact form and its Reeb vector is in the Kernel of any closed skew-bilinear form of h5⊕A.
3.2. Case of dimension 8 and characteristic sequence (2, 2, 2, 1, 1).
3.2.1. Case n = 8 and g ∈ C2(F
8,2
3,2 ). The Lie bracket of a Lie algebra in this family has the
general form
(9)
{
[X1, X2i] = X2i+1, i = 1, 2, 3
[X2i, X2j ] =
∑3
k=1C
2k+1
2i,2j X2k+1 + C
8
2i,2jX8, 1 ≤ i < j ≤ 3.
If C82i,2j 6= 0 for some pair (i, j), then, up to an isomorphism, we can assume that
[X2, X4] = X8 and C
8
2,6 = 0 = C
8
4,6.
We denote by {α1, · · · , α8} the dual basis of {X1, · · · , X8}. Let θ be a symplectic form on
g. The condition dθ = 0 implies
θ(X3, X5) = θ(X3, X7) = θ(X3, X8) = θ(X5, X7) = θ(X5, X8) = θ(X7, X8) = 0
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thus
θ = α3 ∧ β3 + α5 ∧ β5 + α7 ∧ β7 + α8 ∧ β8
with βi = a
1
iα1 + a
2
iα2 + a
4
iα4 + a
6
iα6 for i = 3, 5, 7, 8.
We consider the 2-form
θ = α3 ∧ α6 + α5 ∧ (α2 + α6) + α7 ∧ (α2 + α4) + α8 ∧ (α1 + a
6
8α6)
with a68 = C
7
2,6 − C
5
4,6 − C
7
4,6. This form is symplectic on g.
Proposition 15. Any 8-dimensional 2-step nilpotent Lie algebra whose characteristic se-
quence is (2, 2, 2, 1, 1) with 4 generators (that is belonging to C2(F
8,2
3,2 )) is symplectic.
3.2.2. Case n = 8 and g ∈ C1(F
8,2
3,2 ). Recall that the set C1(F
2p,2
p−1,2) is the family of 2-step
nilpotent Lie algebras isomorphic to Lie algebras given by
[X1, X2i] = X2i+1, i = 1, · · ·p− 1,
[X2i, X2j ] =
p−1∑
k=1
C2k+12i,2j X2k+1, 1 ≤ i < j ≤ p.
In particular C1(F
8,2
3,2 ) is the closure of the rigid Lie algebra h8,2 given by
[X1, X2i] = X2i+1, i = 1, 2, 3, [X2, X4] = X7, [X4, X8] = X3, [X6, X8] = X5.
Proposition 16. The 8-dimensional 2-step nilpotent Lie algebra h8,2 which is rigid in 2Nilp8
is symplectic.
Proof. Let θ = α1 ∧ α8 + α2 ∧ α7 − α3 ∧ α6 + α4 ∧ α5 where the αi constitue the dual basis
of the basis {Xi}. We have dθ = 0 and θ
4 6= 0. The form θ is a symplectic. 
Let g ∈ C1(F
8,2
3,2 ). It is a contraction of h8,2. If the contraction is associated with the
sequence of isomorphisms fε such that lim f
∗
ε θ is always of rank 4, then g is symplectic.
Now, we have to determinate all the other cases. If g is symplectic, any symplectic form θ
on g satisfies
θ(Xi, Xj) = 0
for i, j = 3, 5, 7. Consider the decomposition θ = θ1+ θ2 with θ1 = α3∧β3+α5∧β5+α7∧β7
and βi(Xj) = 0 for i, j = 3, 5, 7 and θ2 =
∑
ai,jαi ∧ αj with i, j ∈ I = {1, 2, 4, 6, 8}. Since
dαi = 0 for any i ∈ I, we have dθ2 = 0. Then θ symplectic implies dθ1 = 0. This implies
that, in order to determinate symplectic Lie algebras, we have only to considerate on g skew
bilinear forms θ1 with
θ1 = α3 ∧ β3 + α5 ∧ β5 + α7 ∧ β7
such that dθ1 = 0 and β3 ∧ β5 ∧ β7 6= 0. Since dβi = 0, then dθ1 = 0 is equivalent to
dα3 ∧ β3 + dα5 ∧ β5 + dα7 ∧ β7 = 0.
So instead of determining symplectic Lie algebras belonging to C1(F
8,2
3,2 ), we will characterize
the Lie algebras of this family such that any closed 2-forms is not of maximal rank, that is
satisfies θ4 = 0. This last condition is equivalent to θ31 = 0, that is, β3 ∧ β5 ∧ β7 = 0. The
linear forms βi, i = 3, 5, 7 are not independent and we can assume that β7 = aβ3+ bβ5. Thus
θ1 = (α3 + aα7) ∧ β3 + (α5 + bα7) ∧ β5
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and there exists a change of basis respecting the characteristic sequence giving
θ1 = α3 ∧ β3 + α5 ∧ β5
that is β7 = 0. Then g is not symplectic if the condition dθ1 = 0 implies β7 = 0. In a first
step, we assume that βi =
∑
j=2,4,6,8
ai,jαj. The condition dθ1 = 0 implies that βi(X8) = 0 for
i = 3, 5, 7, that is ai,8 = 0, and βi =
∑
j=2,4,6
ai,jαj . Let Mi be the matrix
Mi =

C i46 −C
i
26 C
i
24
C i48 −C
i
28 0
C i68 0 −C
i
28
0 C i68 −C
i
48

for i = 3, 5, 7. The conditions dθ1(X2i, X2j, X2k) = 0 are equivalent to
M7A7 = −M3A3 −M5A5
where Ai =
t (ai,2, ai,4, ai,6), i = 3, 5, 7. If we want that (dθ1 = 0 ⇒ β7 = 0) we have that
(dθ1 = 0 ⇒ A7 = 0), then −M3A3 −M5A5 = 0 and the rank of M7 is 3. So if g is not
symplectic, it implies that one of the expressions C72,8∆, C
7
4,8∆, C
7
6,8∆ is not zero, where
∆ = C72,8C
7
46 + C
7
2,4C
7
6,8 − C
7
2,6C
7
4,8. The condition ∆ 6= 0 is equivalent to the say that the
2-form dα7 − α1 ∧ α6 is of (maximal) rank 4. If moreover C
7
6,8 6= 0, up to isomorphism
adapted to the characteristic sequence, we can reduce the form dα7 to
dα7 = −α1 ∧ α6 − α2 ∧ α4 − α6 ∧ α8
and g is isomorphic to the Lie algebra given by
dα3 = −α1 ∧ α2,
dα5 = −α1 ∧ α4,
dα7 = −α1 ∧ α6 − α2 ∧ α4 − α6 ∧ α8
dαi = 0, i = 1, 2, 4, 6, 8.
We verify directly that this Lie algebra doesn’t admits general symplectic form (correspond-
ing to ai,1 6= 0 for some i ∈ {3, 5, 7}). In all the other cases, there exists a symplectic form
with a7,1 = 1. We deduce:
Theorem 17. A 8-dimensional 2-step nilpotent Lie algebra whose characteristic sequence
is (2, 2, 2, 1, 1) is symplectic if and only if it is not isomorphic to the Lie algebra whose
Maurer-Cartan equations are
(10)

dα3 = −α1 ∧ α2,
dα5 = −α1 ∧ α4,
dα7 = −α1 ∧ α6 − α2 ∧ α4 − α6 ∧ α8
dαi = 0, i = 1, 2, 4, 6, 8.
3.3. Case of dimension 8 and characteristic sequence (2, 2, 1, 1, 1, 1). Let F8,22,4 be the
family of 8-dimensional 2-step nilpotent Lie algebras whose characteristic sequence is equal to
(2, 2, 1, 1, 1, 1). We have seen that this set is constituted of two components, C1(F
8,2
2,4 ) whose
elements are Lie algebras with 6 generators and C2(F
8,2
2,4 ) whose elements are Lie algebras
with 5 generators.
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3.3.1. n = 8 and g ∈ C1(F
8,2
2,4 ). Let us consider the first component C1(F
8,2
2,4 ). Let k8 ∈
C1(F
8,2
2,4 ) whose Lie bracket is defined by the corresponding Maurer-Cartan equations
(11)
{
dα3 = α1 ∧ α2 + α4 ∧ α6 + α7 ∧ α8
dα5 = α1 ∧ α4 + α2 ∧ α8 + α6 ∧ α7,
where {α1, · · · , α8} is the dual basis of {X1, · · · , X8}.
Proposition 18. The Lie algebra k8 is rigid in 2Nilp8.
Proof. Let us note, in a first step, that k8 cannot be deformed in F
8,2
3,2 , that is, in a Lie algebra
with characteristic sequence (2, 2, 2, 1, 1). In fact, in k8, the linear forms α3 and α5 have a
Cartan class equal to 7 (see, for the notions of Cartan classes [11]). But in any Lie algebra
of F8,23,2 , the center is of dimension greater than or equal to 3, this implies that the Cartan
class of any linear form at most 6. Since the maximal class is growing in the deformation
process, this show that any deformation in 2Nilp8 of k8 remains in F
8,2
2,4 . Then, we have
to study deformations of k8 in F
8,2
2,4 . We consider the deformation cohomology H
∗
CH(k8, k8)
introduced in [10]. We can assume that any 2-cocycle ϕ satisfies ϕ(X1, Y ) = 0 for any Y .
Then dimZ2CH(k8, k8) = 20 because we have
ϕ(Xi, Xj) = a
3
ijX3 + a
5
ijX5
for i = 2, 4, 6, 7 and j = 4, 6, 7, 8 and i < j. Let f be a linear endomorphism of k8. Assume
that δCHf(X1, X) = 0. This implies that
f(X3) = [f(X1), X2] + [X1, f(X2)], f(X5) = [f(X1), X4] + [X1, f(X4)]
and
[f(X1), Xi] + [X1, f(Xi)] = 0, i = 3, 5, 6, 7, 8.
This last identity is satisfied for i = 3 and i = 5 because X3, X5, f(X3) and f(X5) are in
the center. The other identities imply
b62 = −b
1
4, b
6
4 = b
1
7, b
7
2 = b
1
8, b
7
4 = −b
1
6, b
8
2 = −b
1
7, b
8
4 = −b
1
2.
Now, if we compute δCHϕ(Xi, Xj) for i = 2, 4, 6, 7 and j = 4, 6, 7, 8 and j > i, writing
ϕ(Xi, Xj) = a
3
ijX3 + a
5
ijX5, we see that we have no relations between all these coefficients.
We deduce that dimB2CH(k8, k8) = 20 and H
2
CH(k8, k8) = 0. Then this Lie algebra is rigid in
2Nilp8.
Corollary 19. The component C1(F
8,2
2,4 ) is the closure of the orbit in 2Nilp8 of k8. Any Lie
algebra of C1(F
8,2
2,4 ) not isomorphic to k8 is a contraction of k8.
Proposition 20. The Lie algebra k8 is not symplectic.
Proof. Let θ be a skew-symmetric bilinear map on k8. We put θ = θ1 + θ2 with
θ2 =
∑
aijαi ∧ αj , with 1 ≤ i < j ≤ 8, and i, j 6= 3, 5
and
θ1 = α3 ∧ (
8∑
i=1
aiαi) + α5 ∧ (
8∑
i=1
biαi)
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with a3 = b3 = b5 = 0. We have dθ2 = 0, so θ is closed if and only if dθ1 = 0. But
dθ1 = (α1 ∧ α2 + α4 ∧ α6 + α7 ∧ α8) ∧ (
8∑
i=1
aiαi) + (α1 ∧ α4 + α2 ∧ α8 + α6 ∧ α7) ∧ (
8∑
i=1
biαi)
and dθ1 = 0 if and only if ai = bi = 0 for any i = 1, · · · , 8. Then θ1 = 0, θ = θ2. But θ2 is
not of maximal rank because X3 and X5 are in the kernel of this form. This implies that θ
which is closed, is not symplectic.
Remark. Some contractions of k8 can be writen dα3 = α1 ∧ α2 + ρ1α4 ∧ α6 + ρ2α7 ∧ α8dα5 = α1 ∧ α4 + ρ3α2 ∧ α8 + ρ4α6 ∧ α7,
dαi = 0, i 6= 3, 5
where the parameters ρi are parameters of contraction. By simple computation, we can see
that the symplectic Lie algebras of this family are Lie algebras with
ρ1 = ρ4 = 0, or ρ2 = ρ3 = 0, or ρ2 = ρ4 = 0.
In each one of these cases, the corresponding Lie algebra is decomposable. We will show
that this property is true in any (even) dimension greater than 8.
Proposition 21. Any 8-dimensional 2-step nilpotent symplectic Lie algebra with character-
istic sequence (2, 2, 1, 1, 1, 1) and belonging to C1(F
8,2
2,4 ) is decomposable.
Proof. We have seen that the general Maurer-Cartan system of Lie algebras of C1(F
8,2
2,4 ) is
(12)

dα3 = α1 ∧ α2 +
∑
2 ≤ i < j ≤ 8
i, j 6= 3, 5
a3ijαi ∧ αj
dα5 = α1 ∧ α4 +
∑
2 ≤ i < j ≤ 8
i, j 6= 3, 5
a5ijαi ∧ αj
dαi = 0, i = 1, 2, 4, 6, 7, 8,
Let g be a Lie algebra of C1(F
8,2
2,4 ). Assume that g is symplectic and let θ be a symplectic
form on g. Since dθ = 0, we have in particular
dθ(X1, X2, X5) = θ(X3, X5) = 0.
Then, θ = θ1 + θ2 with 
θ1 = α3 ∧ β3 + α5 ∧ β5,
θ2 =
∑
1 ≤ i < j ≤ 8
i, j 6= 3, 5
ρi,jαi ∧ αj
with β3 =
∑
1 ≤ i < j ≤ 8
i, j 6= 3, 5
aiαi and β5 =
∑
1 ≤ i < j ≤ 8
i, j 6= 3, 5
biαi. It is clear that dθ2 = 0, then
θ is symplectic if and only if dθ1 = 0 and θ
2
1 6= 0. We will study the forms θ1.
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• Assume that a1 or b1 6= 0. We can consider that a1 6= 0 and more precisely a1 = 1. We
have
θ1 = α3 ∧ (α1 + a2α2 + a4α4 + a6α6 + a7α7 + a8α8) + α5 ∧ (b1α1 + b2α2 + b4α4
+b6α6 + b7α7 + b8α8)
= (α3 + b1α5) ∧ α1 + α3 ∧ (a2α2 + a4α4 + a6α6 + a7α7 + a8α8) + α5 ∧ (b2α2
+b4α4 + b6α6 + b7α7 + b8α8)
= (α3 + b1α5) ∧ (α1 + a2α2 + a4α4 + a6α6 + a7α7 + a8α8) + α5 ∧ ((b2 − b1a2)α2
+(b4 − b1a4)α4 + (b6 − b1a6)α6 + (b7 − b1a7)α7 + (b8 − b1a8)α8)
This shows that, considering the change of basis α′2 = α2+ b1α4, α
′
3 = α3+ b1α5 and α
′
i = αi
for all the other elements of the basis, we can assume that
θ1 = α3 ∧ β3 + α5 ∧ β5
with
a1 = 1, b1 = 0.
Since a1 = 1, we consider α˜1 = β3 and α˜i = αi for all the other indices. This change of basis
doesn’t affect the Maurer-Cartan system (12). Then, we can assume, in the original basis,
that
θ1 = α3 ∧ α1 + α5 ∧ β5
with
β5 = b2α2 + b4α4 + b6α6 + b7α7 + b8α8.
The condition dθ1 = 0 implies, in particular that
a326 = a
3
27 = a
3
28 = a
3
67 = a
3
68 = a
3
78 = 0
that is
dα3 = α1 ∧ α2 + a
3
24α2 ∧ α4 + a
3
46α4 ∧ α6 + a
3
47α4 ∧ α7 + a
3
48α4 ∧ α8.
If one of the parameters b6, b7, b8 is not zero, for example b6, a change of basis which preserves
the previous reduction gives
β5 = b2α2 + b4α4 + b6α6
and putting α˜6 = b2α2+ b4α4+ b6α6, the expression of dα3 is preserved. This shows that, in
this case, if g is symplectic, there exists a symplectic form associated with
θ1 = α3 ∧ α1 + α5 ∧ α6.
In this case dθ1 = 0 is equivalent to a
3
24 = a
3
47 = a
3
48 = 0, 1 = −a
3
46, a
5
24 = a
5
27 = a
5
28 = a
5
47 =
a548 = a
5
78 = 0. {
dα3 = α1 ∧ α2 − α4 ∧ α6,
dα5 = α1 ∧ α4 + (a
5
26α2 + a
5
46α4 − a
5
67α7 − a
5
68α8) ∧ α6.
If b6 = b7 = b8 = 0, that is β5 = b2α2 + b4α4, then θ1 = α3 ∧ α1 + α5 ∧ (b2α2 + b4α4) and
dθ1 = 0 implies dα3 = α1∧α2+a
3
24α2∧α4 and b2 = a
3
24 and θ
2
1 6= 0 implies a
5
67 = a
5
68 = a
5
78 = 0.
This permits to consider a567 = a
5
68 = a
5
78 = 0. Then the linear space generated by X6, X7, X8
is an abelian subalgebra of g. The endomorphisms adXi, i = 6, 7, 8 acts non trivially only
on the space generated by X2 and X4. Thus, we can consider that there exists i ∈ {6, 7, 8}
with adXi = 0 and the Lie algebra g is decomposable.
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• Assume that a1 = b1 = 0. Similar computations show that θ1 = α3 ∧ (a2α2 + a4α4) +
α5 ∧ (b2α2 + b4α4) with a2b4 − a4b2 6= 0 and the Maurer-Cartan equations can be reduced to
one of the following system: dα3 = α1 ∧ α2 + α2 ∧ α6,dα5 = α1 ∧ α4 + (a524α2 − a546α6 − a547α7 − a548α8) ∧ α4
dαi = 1, 2, 4, 6, 7, 8.
or  dα3 = α1 ∧ α2 + α4 ∧ α6,dα5 = α1 ∧ α4 + α2 ∧ (a524α4 + a526α6 + a527α7 + a528α8)dαi = 1, 2, 4, 6, 7, 8.
In these two cases, g is decomposable. We deduce the proposition.
3.3.2. n = 8 and g ∈ C2(F
8,2
2,4 ). The general Maurer-Cartan system of Lie algebras of C2(F
8,2
2,4 )
is 
dα3 = α1 ∧ α2 +
∑
2 ≤ i < j ≤ 7
i, j 6= 3, 5
a3ijαi ∧ αj
dα5 = α1 ∧ α4 +
∑
2 ≤ i < j ≤ 7
i, j 6= 3, 5
a5ijαi ∧ αj
dα8 = α2 ∧ α4
dαi = 0, i = 1, 2, 4, 6, 7,
If some constant a3ij or a
5
ij is not zero for i or j greater than or equal to 6, then the charac-
teristic sequence is not (2, 2, 1, 1, 1, 1). Then g is isomorphic to the Lie algebra
(13)

dα3 = α1 ∧ α2,
dα5 = α1 ∧ α4,
dα8 = α2 ∧ α4
dαi = 0, i = 1, 2, 4, 6, 7,
and g is decomposable.
3.3.3. Conclusion.
Theorem 22. Any symplectic Lie algebra with characteristic sequence (2, 2, 1, 1, 1, 1) is de-
composable.
We deduce immediately the description of symplectic Lie algebras with characteristic se-
quence (2, 2, 1, 1, 1, 1). The notation corresponds to the list given in
www.livres-mathematics.fr
and the notation g1 ⊕ g2 corresponds to a direct product of two ideals.
1. Complex case
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• n1247 ⊕ C with Maurer-Cartan equations dα3 = α1 ∧ α2 + α4 ∧ α7,dα5 = α1 ∧ α4 + α6 ∧ α7,
dαi = 0, i = 1, 2, 4, 6, 7, 8
• n196 ⊕ C
2 with Maurer-Cartan equations dα3 = α1 ∧ α2,dα5 = α1 ∧ α4 + α2 ∧ α6,dαi = 0, i = 1, 2, 4, 6, 7, 8
• n206 ⊕ C
2 with Maurer-Cartan equations
dα3 = α1 ∧ α2,
dα5 = α1 ∧ α4,
dα6 = α2 ∧ α4,
dαi = 0, i = 1, 2, 4, 7, 8
• n55 ⊕ C
3 with Maurer-Cartan equations dα3 = α1 ∧ α2,dα5 = α1 ∧ α4,dαi = 0, i = 1, 2, 4, 6, 7, 8
• n13 ⊕ n
1
3 ⊕ C
3 with Maurer-Cartan equations dα3 = α1 ∧ α2,dα5 = α1 ∧ α4 + α4 ∧ α6,
dαi = 0, i = 1, 2, 4, 6, 7, 8.
2. Real case.
• n1247 ⊕ R
• n196 ⊕ R
2
• n206 ⊕ R
2
• n20,16 ⊕ R
2 with Maurer-Cartan equations dα3 = α1 ∧ α2 + α4 ∧ α6,dα5 = α1 ∧ α4 − α2 ∧ α6,
dαi = 0, i = 1, 2, 4, 6, 7, 8
• n55 ⊕ R
3,
• n13 ⊕ n
1
3 ⊕ R
3.
3.4. Case of dimension 8 and characteristic sequence (2, 1, 1, 1, 1, 1, 1). A Lie algebra
with characteristic sequence (2, 1, 1, 1, 1, 1, 1) is isomorphic to h3 ⊕K
5 or h5 ⊕K
3 or h7 ⊕K
([9]). We deduce
Theorem 23. Any 8-dimensional 2-step nilpotent Lie algebra with characteristic sequence
(2, 1, 1, 1, 1, 1, 1) is symplectic if and only if it is isomorphic to h3 ⊕K
5.
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4. Leading to the general case
4.1. Symplectic Lie algebras in F2p,21,2p−2. Let g be a 2p-dimensional symplectic nilpotent
Lie algebras with characteristic sequence (2, 1, · · · , 1). We have recalled that such a Lie
algebra is a direct sum of an Heisenberg algebra and an abelian ideal. From the previous
section, we can affirm
Theorem 24. Any 2p-dimensional 2-step nilpotent Lie algebra with characteristic sequence
(2, 1, · · · , 1) is symplectic if and only if it is isomorphic to h3 ⊕K
2p−3.
4.2. Symplectic Lie algebras in F2p,22,2p−4. Let g be a 2p-dimensional nilpotent Lie algebras
with characteristic sequence (2, 2, 1, · · · , 1). We have seen that F2p,22,2p−4 is the union of two
components, the first corresponding to Lie algebras with 2p − 2 generators and the second
to Lie algebras with 2p − 3 generators. The second case is very simple to describe. From
the previous section, we know that any Lie algebra belonging to C2(F
2p,2
2,2p−4) is isomorphic to
n206 ⊕K
2n−6 and these Lie algebras are symplectic. Assume now that g is in C1(F
2p,2
2,2p−4). We
have seen, using computational method, that for p = 4, g is decomposable. We will show
the same result, but for any p ≥ 4, using geometrical method.
The Maurer-Cartan equations of g can be reduced to
(14)
{
dα3 = α1 ∧ α2 +
∑
a3ijαi ∧ αj , 2 ≤ i < j ≤ 2p, i, j 6= 3, 5
dα5 = α1 ∧ α4 +
∑
a5ijαi ∧ αj , 2 ≤ i < j ≤ 2p, i, j 6= 3, 5, dαi = 0, i 6= 3, 5.
Let θ be a symplectic form on g. It can be decomposed in θ = θ1+θ2 with θ1 = α3∧β3+α5∧β5,
dθ1 = 0 and θ
2
1 6= 0. This implies dα3 ∧ β3 + dα5 ∧ β5 = 0,dα3 ∧ β3 ∧ β5 = 0,
dα5 ∧ β3 ∧ β5 = 0,
and θ2(X3, Y ) = θ2(X5, Y ) = 0 for any Y . Thus there exists linear forms γj ∈ K{αi, i 6= 3, 5}
with {
dα3 = β3 ∧ γ1 + β5 ∧ γ2
dα5 = β3 ∧ γ3 + β5 ∧ γ4,
and
β3 ∧ β5 ∧ γ2 − β3 ∧ β5 ∧ γ3 = 0.
This implies
γ3 = γ2 + aβ3 + bβ5
and {
dα3 = β3 ∧ γ1 + β5 ∧ γ2
dα5 = β3 ∧ γ2 + β5 ∧ (bβ3 + γ4), dαi = 0, i 6= 3, 5.
We deduce
Theorem 25. Any 2p-dimensional symplectic 2-step nilpotent Lie algebras with character-
istic sequence (2, 2, 1, · · · , 1) and p ≥ 4 is decomposable and isomorphic to n1247 ⊕ K
2p−7,
n196 ⊕K
2p−6, n206 ⊕K
2p−6, n55 ⊕K
2p−5, n13 ⊕ n
1
3 ⊕K
2p−3 for K = C or R and n20,16 ⊕ R
2p−6.
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4.3. Symplectic Lie algebras in F2p,2k,2p−2k. Lie algebras of the set F
2p,2
k,2p−2k are of char-
acteristic sequence (2, · · · , 2, 1, · · · , 1) where 2 appears k-times. Let g be in F2p,2k,2p−2k. We
assume that g admits 2p− (k + 1) generators. The others cases could be studied in a same
way. We consider a basis adapted to the characteristic sequence, the dual basis satisfying
the Maurer-Cartan equations:
dα3 = α1 ∧ α2 +
∑
a3ijαi ∧ αj, 2 ≤ i < j ≤ 2p, i, j 6= 3, 5, · · · , 2k + 1,
dα5 = α1 ∧ α4 +
∑
a5ijαi ∧ αj, 2 ≤ i < j ≤ 2p, i, j 6= 3, 5, · · · , 2k + 1,
· · ·
dα2k+1 = α1 ∧ α2k +
∑
a2kij αi ∧ αj , 2 ≤ i < j ≤ 2p, i, j 6= 3, 5, · · · , 2k + 1,
dαi = 0, i 6= 3, 5. · · · , 2k + 1.
Let θ be a symplectic form on g. It can be decomposed in θ = θ1 + θ2 with θ1 = α3 ∧ β3 +
α5 ∧ β5 + · · ·+ α2k+1 ∧ β2k+1, dθ1 = 0, θ2(X3, Y ) = θ2(X5, Y ) = · · · = θ2(X2k+1, Y ) = 0 for
any Y and θk2 6= 0. This implies, since by hypothesis dβi = 0,
dα3 ∧ β3 + dα5 ∧ β5 + · · ·+ dα2k+1 ∧ β2k+1 = 0,
dα3 ∧ β3 ∧ β5 ∧ · · · ∧ β2k+1 = 0,
dα5 ∧ β3 ∧ β5 ∧ · · · ∧ β2k+1 = 0,
· · ·
dα2k+1 ∧ β3 ∧ β5 ∧ · · · ∧ β2k+1 = 0,
Thus there exists linear forms γi,j ∈ K{αi, i 6= 3, 5, · · · , 2k + 1} with
dα3 = β3 ∧ γ3,1 + β5 ∧ γ3,2 + · · ·+ β2k+1 ∧ γ3,k,
dα5 = β3 ∧ γ5,1 + β5 ∧ γ5,2 + · · ·+ β2k+1 ∧ γ5,k,
· · ·
dα2k+1 = β3 ∧ γ2k+1,1 + β5 ∧ γ2k+1,2 + · · ·+ β2k+1 ∧ γ2k+1,k,
and
γ2i+1,j = γ2j+1,i mod β3, · · · , β2k+1.
We deduce
Theorem 26. Let g be a 2-step nilpotent symplectic Lie algebra with characteristic sequence
(2, · · · , 2, 1, · · · , 1) and dimension 2p = 2k+l where k is the number of 2 in the characteristic
sequence. If dim g = 2p >
k(k + 5)
2
, then g is decomposable. It is a direct product of a
k(k + 5)
2
-dimensional Lie algebra by an abelian ideal.
Remark. Let g be a 2-step nilpotent Lie algebra with c(g) = (2, · · · , 2, 1, · · · , 1) and
dimension 2p = 2k+ l where k is the number of 2 in the characteristic sequence. We assume
that g = h ⊕ As where As is an abelian ideal. Then c(h) = (2, · · · , 2, 1, · · · , 1) and k is
always the number of 2 in this sequence. As consequence, if g ∈ F2p,2k,2p−2k is symplectic and
indecomposable, then dim g ≤
k(k + 5)
2
.
4.4. Symplectic Lie algebras in F2p,2p−1,2. From [10], the set F
2p,2
p−1,2 is the union of two al-
gebraic components, each one being characterized by the number of generators. We consider
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here the component C1(F
2p,2
p−1,2) because we have seen that in dimension 8 some Lie algebras
of this family are not symplectic. A Lie algebra of C1(F
2p,2
p−1,2) is isomorphic to
[X1, X2i] = X2i+1, i = 1, · · ·p− 1,
[X2i, X2j ] =
p−1∑
k=1
C2k+12i,2j X2k+1, 1 ≤ i < j ≤ p.
If g is symplectic, any symplectic form θ on g satisfies
θ(Xi, Xj) = 0
for i, j = 3, 5, · · · , 2p− 1. Consider the decomposition θ = θ1 + θ2 with
θ1 = α3 ∧ β3 + α5 ∧ β5 + · · ·+ α2p−1 ∧ β2p−1
and βi(Xj) = 0 for i, j = 3, 5, · · · , 2p−1 and θ2 =
∑
ai,jαi∧αj with i, j ∈ I = {1, 2, 4, · · · , 2p}.
Since dαi = 0 for any i ∈ I, we have dθ2 = 0. Then θ symplectic implies dθ1 = 0. This is
equivalent to
dα3 ∧ β3 + dα5 ∧ β5 + · · ·+ dα2p−1 ∧ β2p−1 = 0.
Similarly to the case of dimension 8, we characterize the Lie algebras such that any closed
2-forms is not of maximal rank, that is satisfies θp = 0. This last condition is equivalent
to θp−11 = 0, that is, β3 ∧ β5 ∧ · · · ∧ β2p−1 = 0. The linear forms βi, i = 3, 5, · · · , 2p − 1 are
not independent and there exists a change of basis respecting the characteristic sequence
giving β2p−1 = 0. Then g is not symplectic if the condition dθ1 = 0 implies β2p−1 = 0. A
computation similar to the one in section 4.2 shows that α2p−1 is of maximal Cartan Class
and g is isomorphic to
dα3 = α1 ∧ α2,
dα5 = α1 ∧ α4,
· · ·
dα2p−3 = α1 ∧ α2p−4,
dα2p−1 = α1 ∧ α2p−2 +
∑
1≤i<j≤pC
2k+1
2i,2j α2i ∧ α2j ,
dα2p = 0.
Such a Lie algebra doesn’t admit a general symplectic form (that is without the condition
βi(X1) = 0) if and only if C
2p−1
2p−2,2p 6= 0. In this case, since α2p−1 is of maximal Cartan Class
and C2p−12p−2,2p 6= 0, we can reduce the form dα2p−1 to
dα2p−1 = α1 ∧ α2p−2 + α2p−2 ∧ α2p + α2 ∧ α4 + · · ·+ α2p−6 ∧ α2p−4
if p is even or
dα2p−1 = α1 ∧ α2p−2 + α2p−2 ∧ α2p + α2 ∧ α4 + · · ·+ α2p−8 ∧ α2p−6
if p is odd.
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